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Abstract 

The gluon self-energies and dispersion laws in the color supercon- 
ducting phase of QCD with two massless flavors are calculated us- 



^j' ing the effective theory near the Fermi surface. These quantities are 

,-S^ ■ calculated at zero temperature for all the eight gluons, those of the 

remaining SU{2) color group and those corresponding to the broken 
is^ I generators. The construction of the effective interaction is completed 

j_j ■ with the one loop calculation of the three- and four-point gluon inter- 

^ actions. 



1 Introduction 

Color superconductivity in QCD at large densities is a rather ancient idea 
[|I|] that has recently received a new attention in a series of papers [0, (for 
recent review see [Q). Both three-flavor (Color Flavor Locking niodel=CFL) 
and two-flavor cases (2SC model) have been studied. In this letter we consider 
the 2SC model, i.e. two massless quarks in the color superconducting phase, 



whose main features are as follows. At zero density the theory is invariant 
under the group SU{3)c x SU{2)l x SU{2)r, but at high density Cooper 
pairing of two quarks is energetically favored [^. The condensation from 
single-gluon exchange between two quarks takes place in the color antitriplet 
channel. The condensate breaks SU{3)c down to an SU{2)c subgroup and 
therefore the quarks with nontrivial SU{2)c charges acquire a gap A; more- 
over five gluons acquire mass by the Higgs mechanism. The chiral symmetry 
remains unbroken, which implies that there are no goldstone bosons. We 
will use here an effective theory near the Fermi surface |^, which has been 
recently applied to the CFL phase and to the crystalline phase 0] (for a 
discussion of the superconductive crystalline phase see [§). The main results 
of this approach are summarized in Section 2. In Section 3 we compute the 
gluon self-energies; we confirm the results obtained by other authors , ||10 



for the masses of the five gluons associated to the broken generators and for 
the dispersion laws of the unbroken gluons; moreover we extend these results 
to the dispersion laws of all the gluons. In Section 4 we present the one-loop 
corrections to the three and four gluon vertices in the 2SC phase for all the 
eight gluons, which allows for a complete effective description of the gluon 
degrees of freedom of this phase at zero temperature. 

2 Effective Theory 

To start with let us recall some results valid for the 2SC model. In ref. [^], 
[^] an effective two dimensional field theory for the CFL phase of QCD in 
terms of velocity dependent fields was developed; in particular in it was 
applied to the computation of the gluon dispersion laws. In this theory 
was extended to the 2SC model (in the crystalline phase). The main ideas 
are as follows. To describe excitations near the Fermi surface one writes the 
momentum p of the quarks as 

p- = i^v"" + r , (1) 

where n is the quarks chemical potential and v" = (0,-yp), with vp Fermi 
velocity {\vp\ = 1). Only positive energy states ip+ contribute to the la- 
grangian, whereas negative energy states decouple and can be expressed in 



terms of the positive energy states. If we define 
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we can write the negative energy states as 



ij. 



2/i 



(2) 
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showing the decouphng of ip- in the yU ^ oo hmit. Expressing ■?/'_ in terms 
of ijj+ results in an effective theory which at the next to leading order in teh 
inverse of n is described by the lagrangian 



^ = E 



Vp 



1 



^I^V ■ D^+ - —t 



V^ 



(5) 



where D^ is the covariant derivative with respect to the color group. At this 
stage it is useful to use a different basis for the fermion fields. We introduce 
the six fields v?^ {A = 0,- ■ ■ ,5) by the formulae 



^+,13 
^+,23 



A=0 
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<^+ , 






{%, a = 1, 2) , 



(6) 



where a a are the Pauli matrices for A = 1,2,3 and cq = 1. The greek 
indices a,f3 are color indices and the latin indices i,j are for the two flavors 
1,2. Here clearly cp, are positive energy, velocity dependent fields: 



< 



V+ = V+,v ■ (7) 

We also introduce the positive energy fields with opposite velocity: 

V^^ = <-, ■ (8) 

By defining 

X^ = I I , (9) 




the lagrangian can be written as follows (F^^ are the eight gluon fields): 
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^F.D-i-^1 

A^ 



A^ 
tV-D*- —0l 



-FrF^,, (10) 



which describes, at the lowest order, the effective theory. This lagrangian 
allows for the evaluation of the two diagrams in Fig. 1 which give the one-loop 
contributions to the polarization tensor Il'^^{p) (a, b are color SU{3) indices, 
a, 6 = 1, ■ ■ ■ , 8). As discussed in |^ the integration over the loop variable i 





Fig. 1 Gluon self energy diagrams; in both a) and b) dotted lines represent 
gluon fields and full lines are the fermion propagators; b) is the tadpole 
diagram. 

is 2-dimensional [io, i\\), while the integration over directions perpendicular 
to the Fermi velocity gives a factor of /x^/tt. The diagrams in Fig. 1 are the 
only diagrams not suppressed in the fi —* oo limit. We write 
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To start with we consider the diagram 1 a). Let us introduce the following 
notations. We will denote the indices a, b by the letters i,j for a,b = 1, 2, 3 , 



while for a,b = 4, 5, 6, 7 we use the greek letters a, [3. The results of our 
calculation are, for a,b = i,j (= 1, 2, 3): 



1-3 
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For a,b = a, (3 the polarization tensor is 



(14) 
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Finally for the gluon 8 we have: 
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In the low momentum limit we can expand the polarization tensor for a, b 
i,j (= 1, 2, 3) in the following way: 



^r = ^^. 



V^V + V^'V vv + vv^ 



(17) 



and 
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The validity of this approximation will be discussed below. 
It follows from eqs. (||) - (||) that 
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n°°(p) = n°J>(o) + OT°J>(p)= OT°°(p)= 5.3^^,\p 



(18) 



(19) 



ig(p) = ng(o) + OTg(p)= s,,s''^ 



and 



n°;(p) = OT»(p) = %^pV 
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These results agree with the outcomes of and [|TU 
For a,b = a, P {a, j3 = 4, 5, 6, 7) we find: 
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and 
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After integrating over the Fermi velocities we obtain 
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For a, 6 = 8 we get 
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therefore we obtain 
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These results complete the analysis of Fig.l a). Now we consider the diagram 
in Fig. 1 b). We note that this diagram is independent of the external 
momentum p, therefore it can only contribute to the gluon masses. We 
also note that the diagrams of Fig. 1 present infrared divergences (in £o)- 
To control these divergences one considers the system in a heat bath and 
substitutes the energy euclidean integration £4 = —Hq with a sum over the 

Matsubara frequencies £4 — i> u;„ = 27r I n + - I /5; eventually one performs 



the limit T 



^ ^ 0. In this way one finds for the contribution of the 
diagram 1 b) to n^^(O) the result (a, 6 = 1, ■ ■ ■ , 8): 



n^r(o) 



ab 



47r2 



ab 



dvp 

4:71 



ItIt 



(32) 



Therefore 

n°°(o) = , (33) 

showing that there is no contribution from this diagram to the Debye screen- 
ing, while one gets 



n;^.(o) 
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In table 1 we summarize the results for the Debye and Meissner masses 
obtained by the calculations of the two diagrams in Fig.l. 
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Table 1: Debye and Meissner masses for the gluons in the 2SC phase. 



where a is the gluon color and ml = is the squared gluon mass. Our 

results are in agreement with a calculation performed by |^ with a different 
method. 



3 Dispersion law for the gluons 

In this section we will compute the dispersion laws for the gluons. We begin 
our discussion by considering the unbroken colors a,b = i,j {= 1, 2, 3). 

3.1 Gluons 1, 2, 3 

In this case we reobtain, by the present method, the results already found in 
[|T0|1 by a different approach, i.e. 

^ = -\FrKu + )^]^\K , (35) 

with n^'' discussed above. Introducing the fields El = F^^ and Bf = ieijkF^j^, 
and using (p!9|), (pO| ) and (^TJ) these results can be written as follows 

£ = ^{E^Et - B1B1) + ^E^E^ , (36) 

with 

187r2A2 ^ ' 

As discussed in []TU[ this means that the medium has a very high dielectric 



constant e = k + 1 and a magnetic permeability A = 1. The gluon speed in 
this medium is now 

V = —= oc — (38) 



and in the high density limit it tends to zero. As shown in [|10| the one loop 
lagrangian ( |36D assumes the gauge invariant expression 

C = --J^'FJ,, (j = 1,2,3), (39) 



provided the following rescaling is used 

Ai -. Ai; = e/'Ai , (40) 

4 - ^ = k'^'^ , (41) 

Xo^x'o = k-'/^Xo , (42) 

g^g' = k~'/'g . (43) 

3.2 Gluons 4-8 

Let us now consider the equations of motion in momentum space for the 
gluon field A^, 6 = 4, 5, 6, 7, 8: 

[Sab i-g'V + P'P') + Kb] K = 0- (44) 

We define the invariant quantities IIo, Hi, 112 and H^ by means of the following 
equations, 

r noo = no(po, P) 
Il^''iPo,P) = < no^ = ff° = ni(po,p)n* (45) 

[ W^ = U^ipo, P) 5'' + n3(po, P) n'n^ 

-* P 
where we have suppressed the color indices and n = - . 

P 
For the broken degrees of freedom it is useful to consider the scalar gluon 

field Aq and the longitudinal and transverse gluon fields defined by 

A^^ = Al-Al^. (46) 



By the equation 

ah ii 

one obtains the relationship 



P^-^ZK = , (47) 



(po Ho - \p\ no Ao = n ■ l(po Hi - \p\ {U2 + U,)) , (48) 



between the scalar and the longitudinal component of the gluon fields. The 
dispersion laws for the scalar, longitudinal and transverse gluons are respec- 
tively 

(n2 + n3 + pI) {\p\' + Ho) = po\p\ (2 Hi +po\p\) , 
(n2 + Hs + pI) {\p\po + no) = po\p\ (2 Hi + pI) + uj , 

pI-\p\^ + U2 = 0. (49) 

Expanding (^8]) at first order in p we find for 6 = /5 = 4, 5, 6, 7 

pX = ^p■^^ (50) 

while for 6 = 8 

p'Al = ^p.A\ (51) 

In any case we define two masses, the rest mass: 

m"" = bo(b1=0)| (52) 

and the effective mass m*, by the formula: 

p = m -— , [p6) 



in the low momentum limit. Using eqs. (|2^) - ( P^D we observe that the effect 



of the kinetic terms in ( ^if ) is negligible at the order for (3 = 4, 5, 6, 7 in 

the high density limit. The dispersion law for the time-like component is: 

Z^r„2 , 1|-.|2^ _^ 



rnl + ^M + ^\p\')--iTPl)A'o=0, (54) 



where, from table 1, we get m^ = n°°(0) = ; therefore 

27r^ 



Po = ±Eo, Eo = --=VIpP + 6A2. (55) 

The rest mass for these gluons, in the gradient expansion approximation, is 
given by 



^Ao 



^ - V2A. (56) 
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This result shows that the rest mass is of of the order of A and one could 
therefore wonder if the result ( p6|) is significant, since it is obtained in the 
limit Ip/AI ^ 1. To estimate the validity of this approximation we use the 
exact result, which can be obtained by Eqns. (|^). Since 113(^0,0) = 0, the 
rest mass of the three species Aq, A^, At is given by 

m2 + n2(m2,0) = . (57) 



To obtain 112 (m^, 0) we integrate eq. ( ]T3| ) , with \p\ = 0, and we get 
^2(m^0)= ^ -1+ / dx 



X 



+ V^^Ti 



X 



(a; + y^^TT)2 - (m/A)2 ' V^^TI' 



The numerical result of 



IS 



m = mji = 0.894 A . 



(58) 



(59) 



A comparison with (|56D shows that the difference is of the order of 40 — 
50% and this is also the estimated difference for the dispersion law at small 
p. We notice that also in the three flavour case the gradient expansion 



approximation tends to overestimate the correct result |]TI| . For the effective 
mass, we get in the gradient expansion approximation 



m 



Ao 



'I8A . 



For the longitudinal and transverse cases we get respectively 



J^T + -e\P\ 
5 

therefore the rest masses are given by 



2A2 



2A2 



ml 



m, 



m 



R 



V2 A . 
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(61) 
(62) 

(63) 



''At — '"Ao 

The equality of the three rest masses is an exact result, as we have stressed 
already. On the other hand the effective longitudinal and transverse masses 
are both negative and their values are: 

15v^ 



m. 



m. 



-A 
7 

-5V2A . 



(64) 
(65) 
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We interpret this result as follows: The spectrum of the quasi-particles as- 
sociated to these gluon modes has a maximum for |p| = 0, which means 
that at very small temperatures, which is the limit in which we work, these 
quasi-particles are unlikely to be produced. 
For the time-like component of the gluon 8 we have the dispersion law 



Eo = ^/9A2 + 9b-*P^, (66) 



where, in this case m|, = n°°(0) = — —; therefore. 



m 







3A , (67) 



m 



rnX - if . (68) 

For the longitudinal and transverse modes we have respectively 



^^ = ^/2^^l^"'l' + "^-' (^^) 



Et = ^-^^\P\' + <i^ (70) 

where the Meissner mass is obtained from table 1: m^j = — — . From these 

97r2 

equations we see that 

rriA^ = ^At = ^M , (71) 

whereas the effective masses are as follows 

4 niM 

m\^ = -30 . (73 

rriM 

We note the peculiar feature of the spatial modes of the 8th gluon that has a 
very large rest mass, see eq. ([71|). This is an exact result that is not obtained 
by the gradient expansion approximation. Infact integrating eq. (p!6D, with 
|p| = 0, we get 

^2(m^0) = -^ = -m^, (74) 
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and therefore, from Eq. (|57|), one gets the result ([H]). 

The longitudinal and transverse gluons with color 8 get nonetheless a 
vanishingly small effective mass, see eqs. (|72|) and (^), due to the very- 
large coefficient of |p|^ in ([69| ) and (|70|). These results should be contrasted 
with those obtained for the gluons 4, 5, 6, 7, and for the temporal mode 
of the gluon 8 (in all these cases the rest mass is of order A). Since our 
effective description is limited to energies < A these results mean that the 
longitudinal and transverse modes of the 8th gluon are decoupled from the 
low-energy physics. 

4 Three and four point gluon vertices 

To complete the effective lagrangian for the eight gluons we compute the one 
loop corrections to the gluon vertices Fa (3 gluons) and r4 (4 gluons). We 
shall not consider in the sequel a possible light glueball which is discussed in 



1^ = --F;:.Fr + -Kt^^i + ^h + ^U , (75) 



1^. Therefore we write the full gluon lagrangian as 

_ pa pfiu I _- 

where Ch-, and Ch-, are the one loop lagrangian terms for the three and four 
point gluon vertices respectively. For the three point gluon vertex we have 
two different diagrams with a quark loop. The first one is depicted in Fig. 
2; the second one arises from the l//i term in eq. (^ and is suppressed 
together with diagrams not containing quark loops. For the four point gluon 
vertex we have three different diagrams with a quark loop, but only the one 
depicted in Fig. 3 survives in the /x — > oo limit. 

To start with, let us consider the three-point function. At the tree level 
(£ = £°) the contribution to the lagrangian can be written in the form: 

^(3) = -gfabcA^a^ld.A,,, . (76) 

At one loop {C = C^) we have to distinguish between the contribution of the 
diagram involving the gluons in the unbroken SU{2) gauge group, which we 
call £/3x ^, and those involving gluons corresponding to broken generators, 
which we call ^C}^^2■ So the one- loop correction at the three gluon vertex 
may be written as follows: 

-^(3) = '^(3),l + '^{3),2- (77) 
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Fig. 2 Three gluon vertex. Dotted lines represent gluon fields; full lines are 
fermion propagators. 



For the SU{2) contribution our results are as follows 



(78) 



g^fi^ 



■. This term can be obtained in 



witha,6,c = i,j,/ G {1,2,3} and/c 

a simpler manner, by requiring gauge invariance for the SU{2) gluons. On the 
other hand ioi a,b,c = i,a, P (i = 1, 2, 3 ; a, /5 = 4, ■ ■ ■ , 7) or a,b,c = 8, a, P 
we have 

'^' -'■^ ll,,,Ct) A^^Ald^A^, , (79) 



'^(3),2 ~ ~3~2 Vtiypo^l + ^aiiupC^2 ) AaAf^dA.^ , 



where 



/I 

pupa 



dvp ~ 



An 



V^V.VpV^ 



(80) 



is the matrix which expresses the breaking of Lorentz invariance. Its non- 
vanishing elements are listed in table 2. 
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Fig. 3 Four gluon vertex. Dotted lines represent gluon fields; full lines are 
fermion propagators. 
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iijj 
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ijij 
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1/15 
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1/15 



Table 2: l}^i,„„ non- vanishing elements; i,j = 1,2, 3. 



fiupa 



On the other hand Cf^'^ and Ca^*^ are the matrices which express the breaking 
of SU{3) color and whose non-vanishing elements are given in the table 3. 



abc 


(jahc 


Cf^ 


a8(3 


^fa8f3 


^faSfS 


ai(3 


JictP 






Table 3: C" and Cg non- vanishing elements. 
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where fate are the SU{3) structure constants. Since the couphng of the 
SU{2) gluons with gluons of color a = 4, 5, 6, 7 is completely fixed by the 
gauge invariance, we have written down the corresponding term (7*°"^ only 
for a check. They are exactly the SU{3) structure constants. 
Let us consider the four-gluon vertex whose tree contribution is 

-^(4) — ~~T Jabejcde^a^b^c^i^dv ■ (81) 

The one-loop correction may be written as follows: 

-^(4) = -^(4),! + ^(i),2 + '^(4),3 + '^(4),4- (82) 

We have four contributions to C\a\- The first term is 

/:;4),1 = -k^-^fabefcdeA'^aAlA'^cA'A^^^d,, + 5^,5,,] , (83) 

with k = TTTT- It comes from diagrams where all the gluons are in the 

187r2A2 ^ ^ 

SU{2) group, therefore the indices a,b,c,d take the values i,j,l,m. The 
second term comes from diagrams with gluons of colors a, b,c,d = a, (3, 8, 8. 
The contribution to the lagrangian is as follows: 

The non-vanishing elements of the tensor D'f"^'^ are in table 4 and 

^M.P.= [^V,KV,V,. (85) 



The third contribution is from diagrams with gluons of colors a, b,c,d = 
i,a,P,S, with the gluon 8 connected to two ungapped quarks. The contri- 
bution is 

^(4),3 = -jmDt'^%.,.A^aA'^A^^K , (86) 

where Ij^^^p^ is the same tensor we defined in equation (^) . The relevant 
Dg'"^'^ values are in table 4. The last contribution to the four-gluon vertex is 

^(4),4 = -J (f ) Dt^.^A'aAlA^cA", , (87) 
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where 



"- fiupcr 



dvp ~ ~ 



and the non-vanishing Df"^'^ are in table 4. 
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jjabcd 


a88a 


gfaSlfsal 


abed 


jyabcd 


iaSp 


-^fialfspi 


abed 


jjabcd 


iapj 


fialffSjI 


8api 


■^fsalflBil 


aP'yd 


/a/3//w2(l + l0g4) 



Table 4: _D" non- vanishing elements. 



As we wrote above, some of these terms are completely fixed by gauge in- 
variance, once we know the renormalization properties of the SU{2) fields. 
To evaluate the effective lagrangian terms £(3) and £(4) one might redefine the 
fields y4° (a = 1,2,3) and the coordinates according to eqs (^0|-^); also the 
other gluon fields can be redefined to include wave function renormalization 
constants. We do not make this exercise since, for the gluons corresponding 
to the broken colors, we gain little or no physical insight from this procedure, 
as the corresponding lagrangian cannot be put in the form 



5 Conclusions 

We have used the effective theory near the Fermi surface to calculate the 
gluon self-energies and dispersion laws in the color superconducting phase of 
QCD with two massless flavors (2SC). The results conflrm, within a different 
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formalism, and extend, results already obtained, notably by Risclike, Son, 
and Steplianov. The three gluons of the unbroken SU{2) color have no 
Debye screening and Meissner effect, but they are affected in their dynamics 
by the medium polarizability. The remaining gluons show Debye screening 
and Meissner effect. The Debye and Meissner masses can be read from the 
table 1. For the gluons 1, 2, 3 one easily finds the known result that they have 
no rest mass and no effective mass and that their velocity is that relevant to a 
polarizable medium of unit magnetic permeability and a dielectric constant 
depending in a known way on the theory parameters. The gluons 4, 5, 6 
and 7 get masses of order of the gap, showing a behaviour quite similar by 
the one exhibited by the gluons in the CFL phase . The behaviour of the 
longitudinal gluon 8 is not quite the same since there is no renormalization 
in the part of the lagrangian involving the time derivative. As a consequence 
the rest mass of this gluon is not of the order A (the gap), but rather of order 
g^ (the Meissner mass). This makes these particles to behave in- medium in 
a rather peculiar way. Very difficult to be produced relatively to the other 
modes, because of their large rest mass, but once produced they move as 
particles with a vanishingly small effective mass, of order A'^/gfi. The gluons 
4, 5, 6, 7 have large (with respect to the gap parameter) negative longitudinal 
and transverse effective masses, so that they are unlikely to be produced at 
small temperatures. To complete the construction of the effective interaction 
we have calculated to one loop the three and four point gluon interactions. 
Gauge invariance can be used directly for the couplings involving gluons of 
the unbroken SU{2) color. For the remaining three and four point gluon 
selfcouplings one has to evaluate explicitly the relevant loop diagrams. The 
results are given in eqs ( [f6H86| ). 

References 

[1] B. Barrois, Nucl. Phys. B129 (1977) 390; S. Frautschi, Proceedings 
of workshop on hadronic matter at extreme density, Erice 1978. See 
also: D. Bailin and A. Love, Phys. Rept. 107 (1984) 325, and references 
therein. 

[2] M. Alford, K. Rajagopal and F. Wilczek, Phys. Lett. B 422, 247 (1998). 



[3] R. Rapp, T. Schafer, E. V. Shuryak and M. Velkovsky, Phys. Rev. Lett. 
81, 53 (1998); T. Schafer and F. Wilczek, Phys. Rev. Lett. 82, 3956 
(1999); M. Alford, K. Rajagopal and F. Wilczek, Nucl. Phys. B537 443 
(1999), |hep-ph/9804403t 



[4] 
[5] 
[6] 
[7] 



[9 
[10 

[11 
[12 



K. Rajagopal and F. Wilczek, in "Handbook of QCD", M.Shifman, ed 
( World Scientific 2001) |hep-ph/00ll333| ; M. Alford, |iep-ph/0102047 . 



D. K. Hong, Phys. Lett. B473 (2000) 118, hep-ph/98125To| ; 



D. K. Hong, Nucl. Phys. B582 (2000) 451, |hep-ph/990552^ . 

R. Casalbuoni, R. Gatto and G. Nardulli, Phys. Lett. B498 (2001) 179, 
|hep-ph/ 00 10321 . 



R. Casalbuoni, R. Gatto, M. Mannarelli and G. Nardulli, Phys. Lett. 



B511 (2001) 218, |hep-ph/0101326 . 



M. Alford, J. A. Bowers and K. Rajagopal, |hep-ph/0008208| ; A. K. 



Leibovich, K. Rajagopal, E. Shuster [hep-ph/0104073| ; J. A. Bowers, J. 



Kundu, K. Rajagopal and E. Shuster, |hep-ph/0101067 . 



D.H. Rischke, Phys. Rev. D 62 (2000) 034007. 

D.H. Rischke, D.T. Son and M.A. Stephanov, [hep-ph/00ll379| . 



V.P. Gusynin and LA. Shovkovy, piep-ph/0108175 



R. Ouyed and F. Sannino, |liep-ph/0103168 



19 



